1. Introduction. A unitary polarity of a finite projective plane 8P of order q 2 is a polarity 0 having q d + 1 absolute points and such that each nonabsolute line contains precisely q + 1 absolute points. Let G{6) be the group of collineations of SP centralizing 6. In [15] and [16], A. Hoffer considered restrictions on G (6) which force SP to be desarguesian. The present paper is a continuation of Hoffer's work. The following are our main results.
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Suppose that T is a subgroup of G(0) transitive on the pairs x, X, with x an absolute point and X a nonabsolute line containing x. Then SP is desarguesian and r contains PSU(3, q).
THEOREM II. Let 6 be a unitary polarity of a finite projective plane 0* of order q 2 
. Suppose that there are at least three non-collinear absolute points x such that G(6) contains q (x, x e )-elations. Then £P is desarguesian.
Our definition of a unitary polarity shows that the absolute points and nonabsolute lines form a 2 -(q z + 1, q + 1, 1) design &(d) [7, p. 155] . Theorem I then implies that SP is desarguesian if G (6) is flag-transitive on %(Q). Theorem II is intended to parallel part of the Lenz-Barlotti classification of projective planes (see [7] ). This result was proved independently by Hoffer, except when q is odd and G (6) contains Baer involutions. See § 6 for further remarks in the direction of a Lenz-Barlotti type of classification of finite planes having a unitary polarity.
The proofs of these theorems depend heavily on recent classification theorems concerning finite simple groups and permutation groups [1; 2; 4; 5; 11; 13; 14; 18; 20; 27; 28; 29] . For the most part, the proofs use standard ideas. The only interesting feature is the use of methods and results involving transfer and fusion in order to handle Baer involutions in planes of odd order. A great deal of control over Baer involutions is provided by a result of Seib [26] . Our arguments are, however, frequently too group theoretic, and more geometric methods w r ould be desirable. We will use standard geometric and group theoretic notation. If A is a subgroup of a finite group, C(A) and N(A) are its centralizer and normalizer, A' its commutator subgroup, and 0(A) its largest normal subgroup of odd order. If a, 0 G A then [a, 0] = or l fil a$ and a^ = /3 -1 a/3. If A acts on a set S of points, then A 5 is the induced permutation group, while, if |5| > 1, A(S) denotes the pointwise stabilizer of S; if T is a subset of 5, A T is the global stabilizer of T. In particular, if A acts on a projective plane 3P and L is a line, A(L) is the group of perspectivities with axis L. If x is a point, A(x) denotes the line wise stabilizer of x. Thus, if also A centralizes a polarity 6 of SP, then A(L) consists of (L e , L)-perspectivities, while A(x) consists of (x, x*)-perspectivities. If ô Ç A is planar, then SP\ will denote the subplane consisting of its fixed points and lines. If 5 is a set of points of SP, then &i P S is the set of points of S in SP*.
For all the relevant geometric definitions, see [7] , especially § § 3.1 and 3.3.
Preliminary lemmas.
Let SP be a projective plane of odd order q. [23] ; Liineburg [19] .
LEMMA (2.1). (Ostrom

) Let a be an involutory (x, X)~ homology and r an involutory (y, Y)-homology. If X ^ F and ar = ra then (i) <JT is an involutory (X P\ F, xy)-homology; and (ii) <T is the only involutory (x, X)-homology.
LEMMA (2.2). There is no abelian collineation group of order 8 generated by three involutory homologies not all having the same axis.
Proof. Otherwise, let p, a, r be the given homologies and T = (p, a, r). We may assume that a £ T(x,X) and that T ^ T(y, Y), X 9 e Y. Then p fixes x, y, JH F, X, F, and xy, so xj or 1 Pi F is the centre and X, F or x^ the axis of p. This contradicts (2.1).
LEMMA (2.3) . Let B be an oval and x,y 6 B, x ^ y. Then there is at most one nontrivial homology preserving B fixing x and y.
Proof. Such a homology a fixes the tangents X and F to B at x and y, respectively. Then a fixes X Pi F, so o-is an (X Pi F, xy)-homology. If 2^5-jxj|, the group of (X P F, x;y) -homologies preserving ^ moves z to at most two points of B, proving the result.
LEMMA (2.4). Let B be an oval and V be a collineation group of SP preserving B and 2-transitive on B. If T contains an involutory homology, then SP is desarguesian, B is a conic, and Y has a normal subgroup acting faithfully on B as PSL(2, q) in its usual representation.
Proof. We may assume that no proper normal subgroup of Y meets the stated requirements. By a result of Liineburg [7, p. 186] , it suffices to show that r acts on B as PSL (2, q) .
If no involution in Y fixes a point of B, then Y is either PSL(2, q) or q > 3 and r has a normal elementary abelian subgroup of order q + 1 transitive on B [4] . By (2.2), only the former possibility can occur.
If no involution in Y fixes more than two points, but some involution fixes two points of B, then T is PSL(2, q) or q = 5 and V is AQ [13] . However, in the latter case T contains PSL(2, 5), so & is desarguesian and B is a conic [7, p. 186] , and then A e cannot preserve B. Finally, suppose that some involution a fixes more than two points of B. Then a is a Baer involution, so q = l(mod 4). Since an involutory homology fixing no points of B is an odd permutation of B, by (2.1) there is an involutory homology a fixing two points x,y £ B, and by (2.2), no conjugate ^a of a fixes x and y. Once again, it follows that T has a normal subgroup containing a acting on B as PSL (2, q) Proof. Suppose that V contains no elementary abelian subgroup of order 8. By [2] , one of (i)-(vi) must hold. Now suppose that Y has an elementary abelian subgroup 2 of order 8. By (2.2), S S Y(x, X) for some x, X. Let 1 ^ a G S. Set 5 = x T . We claim that |T^| is odd if y G 5 -{x}. For if r G Y xy is an involution, it centralizes some involution a' having centre x and some involution a" having centre y. We may assume that x is not the centre of r, replacing y by x if necessary. Then (2.Iii) implies that a' is the only (x, X')-involution, where X' is the axis of a f . If X' = X, this contradicts our choice of a. If X ! ^ X, there is a unique (x, X)-involution [7, p. 120] , which is again a contradiction.
It follows that |T(5)| is odd and that T^ is one of the groups in (vii) [5] , except that 2 e might be 4. However, PSL(2, 4) = PSL(2, 5) appears in (i), while PSU(3, 4) appears in (vi). Proof. Suppose that (i) does not hold and that V has no proper normal subgroup satisfying the conditions on V. If T contains a Baer involution then, by (3.4), for each x G A there is a nontrivial normal 2-subgroup of T(x). By a theorem of Shult [27] , V has a normal subgroup satisfying our conditions but containing no Baer involution.
Unitary polarities. Let
Thus, r has no Baer involutions. By a theorem of Bender [5] , T acts on A as PSL(2, q z ), Sz(g 3/2 ), or PSU(3, q) in its usual representation. In the first two cases, we have |T(x)| ^ q s or q z/2 , respectively, which is absurd. In the last case, (ii) holds by a result of Hoffer [16] .
We note that if q = 2, there is a group of order 18 meeting the requirements of (3.5).
LEMMA (3.6) . Suppose that q is even, Y ^ G (6) Let T x have t orbits of points =^x and t' orbits of blocks on x. As each pointorbit determines such a block-orbit, we have t' ^ t. Also, / + 1 ^ /' + 1, by [7, p. 78]. Thus, if x £ X then Y xX is transitive on X -{x}. Now T x is 2-transitive on X, and the block-transitivity of T yields (3.8). . Let S be a Sylow 2-subgroup of T.
Preliminaries for
LEMMA (4.1). If q is even, then Theorem I holds.
Proof. We may assume that S fixes x. If a central involution a of 2 is an elation, the result follows from (3.5) and (3.6) . Suppose that a is a Baer involution and that SP a C\ A = L C\ A (see (3.1)). Then S fixes L. Since Y x is transitive on the q 2 nonabsolute lines through x, this is impossible.
We may now assume in § § 4 and 5 that q is odd. From now on, we will also assume that Theorem I is false for our SP and V.
LEMMA (4.2). O(T) = 1, r has no central involution, and T has no normal subgroup of index 2.
Proof. Since \A \ is even and T is primitive on A, the first statement holds. If T > r* and |T: r*| = 2, then T* is transitive on A. Also, T x * is transitive on the q 2 absolute lines on x, since q 2 is odd. This contradicts our minimal choice of T.
LEMMA (4.3). Suppose that T contains an involutory homology. Then Y is generated by its involutory homologies. There are q 2 {q 2 -q + 1) involutory homologies, and they are conjugate. If a is an involutory homology with axis L, then a G Z(T(L)) and C(a) -(a) contains q 2 -q involutory homologies.
Proof. If T* is the subgroup generated by the involutory homologies of T, then Gleason's lemma [7, p. 191 ] implies that T x * is transitive on the nonabsolute lines on x. Since T* is transitive on A, we must have T* = T by the minimality of T.
By ( 
LEMMA (4.4). r contains Baer involutions.
Proof. Suppose that all involutions are homologies. By (2.2), T has no elementary abelian subgroup of order 8. By (4.2) and (2.5), T is isomorphic to one of the following groups: PSL(2, m), AT, PSL(3, m), PSU(3, m), Mu t or PSU(3, 4); here, m is an odd prime power. By (4.3), the ordered pair (11 -5-3, 12) , or (65 • 3, 2). It is immediate that Y is PSU (3, q) , and the lemma follows from a result of Hoffer [16] .
LEMMA (4.5). q = l(mod 4), and we may assume that
Proof, q = l(mod4) by (4.4), (4.2), and (3.2), and the second statement follows from q 3 + 1 = 2 (mod 4).
The remainder of the proof of Theorem I will now be divided into two cases: (A) r contains involutory homologies, and (B) V contains no involutory homologies.
Proof of Theorem I.
Case A. T contains involutory homologies. In this case, V is generated by its involutory homologies, and these are all conjugate by (4.3). T(L) contains a unique involutory homology a.
LEMMA (5.1). Let a be a Baer involution and set B = & a C\ A. Then C(a) B is Z-transitive and acts as a subgroup of PTL(2, q) containing PGL(2, q). Moreover, the subgroup C\{a) of C(a) generated by its involutory homologies is isomorphic to PGL(2, q), and all its involutions are homologies.
Proof. B is an oval in £P a by (3.1). Let x 0 , yo G B, x 0 ^ yo. Then a centralizes the unique involution <r 0 £ r(x 0 , yo). Here, a 0 fixes just two points of B. By Gleason's lemma [7, p. 191 
LEMMA (5.3). If an involutory homology p centralizes a 2-group A, all of whose involutions are homologies, then either p
Proof. Suppose that p (£ A, and let M be the axis of p. Then no nontrivial element of A fixes a point of M f~\ A. Since q + 1 = 2(mod 4), we have |A| ^ 2.
LEMMA (5.4). Z(S) contains no Baer involution.
Proof. Let a G Z(S) be a Baer involution. Set Si = S Pi G (a). Then Si <\ S and S = SiA, where a G A and A B fixes more than 2 points. Here,
A/(a)
is cyclic, so A is either cyclic or the direct product of (a) with a cyclic group. By Clearly, A centralizes an involution r in 2i -(a). Since A 2 * is cyclic, by (3.3) A is cyclic or the direct product of (a) with a cyclic group (7) 9^ 1. If fi is the involution in (7) and y 5 e P, then (a, 7) induces a group on £P$ C\ A containing a Klein group and fixing more than 2 points, which contradicts (5.1). Since 2i is generated by the involutory homologies in 2iA, it is normal in 2. Finally, the last assertion follows from the fact that (cr, a) O 2.
LEMMA (5.6). A w cyclic.
Proof. Assume that A = (a, P*) is a Klein group. Since g is a square, |/x| ^ 8. As in the proof of (5.4), we can set p = P* or r/3*, so P is a Baer involution such that // = /xo\ Here, 2iA = Si(a, P).
Since /x r = /x _1 and ^ = /xo-, we can find <p £ 2 -2i(a, 
), C?(<p) contains a Sylow 2-subgroup of C(<p).
If T *> = T then r m^ = or, where *> is an element of (/x) of order 4. Here, /i"^ = /** and 0>a<£>) 2 = v(<pv) a <p = aa = 1. We may assume that r^ = or.
By (5.1), Ci(<p) P 2 is dihedral of order |2i|. Since r g Ci(^) Pi 2, there is an involutory homology p G 2 -Cz(a). By (5.3), Csi(p) = (a).
It follows that r and \XT are conjugate in 2, which is not the case. , <p) and (a, a) , it follows that 2 normalizes the second Klein subgroup (a, <p) of the dihedral group (a, <p) of order 8. Now A acts on (a, <p) and |A| ^ 4, so a centralizes <p, which is not the case.
LEMMA (5.9). T is 2-transitive on A.
Proof. By (4.3), (5.7), and (5.8), C(a) = T L is transitive on the q 2 -q involutory homologies r £ C (a) -(a) . Also, r L is transitive onLPli, where \L P A\ = q + 1. Thus, each orbit of C((a, r)) on L C\ A has length divisible by (q + l)/(q + 1, gfe -1)) = (q + l)/2. Here, (g + l)/2 is odd and r fixes no points of L P A. Thus, C((a, r) ) is transitive on L C\ A. . Since ^ £ S ^ r^^b 0 fixes x and 3/. If P G C s (aO, then /3 Ç (SiA)^ = (/*, A), so P £ (c, a). This is not the case. 
Let ilf be the axis of r. Then C((a, r)) is transitive on M C\ A. Since C(a) is transitive on the q 2 -q axes of involutory homologies in C(a) -(0-), and the union of these lines contains A -L P A, it follows that C(a) is transitive on
, Y L = T(L)iV(S(L P A)). Also, N(X(L P A))/C(2(L P A)) • S(L Pi ^4)
is isomorphic to a group of outer automorphisms of X(L P A).
Since g = l(mod4), PSL(2, q) is simple, and it follows that C(S(LP ^)) L°A contains PSL(2, q). Let n be the preimage of PSL(2, q) in C(S (LP,4) ). Then S P n is a Sylow 2-subgroup of II. Also, 2(L P A) P II ^ Z(II), so
n(L p 4) = (s(L p 4) p n) x O(n).
Now n/0(n) is a central extension of PSL(2, q) by the 2-group S(L P 4) • 0(n)/0(n). By a result of Schur [25] , 11/0(11) has a unique normal subgroup A/0 (n) isomorphic to PSL(2,g) or SL(2,g). Since S >S(LP^),S>SPA.
If A/0(n) is PSL(2, q) then S P A does not contain a. However, (S P A) P Z(S) 5* 1, and this contradicts (5.4).
Thus, S P A is a generalized quaternion group, r acts on S P A. By (5.3), CZC\A(T) = (a) and (S P A)(r) is quasidihedral.
Let 2 e be the largest power of 2 dividing q -1. Then (S P A)(7) contains 2 e homologies interchanging x and y. These are all in C(a) P S and, hence, in Si. However, Si has only 2 e homologies interchanging x and y. Thus, (2 r\ A)(r) contains 2i as a subgroup of index 2. Clearly, (2 H A)(r) = (2 H A)2i < 2. Also, 2 H A is not in C 2 (a), so 2 = (S H A) Si • A. The involution a 6 A is conjugate to no involution in (2 Pi A)2i. We can now apply Thompson's transfer lemma in order to contradict (4.2). Consequently, Case A cannot occur.
Remark. Once (5.5) and (5.6) are known, it is possible to eliminate Case A solely by group theoretic methods. Dr. Anne MacWilliams has done this using ingenuity and a transfer theorem of Grim. We have chosen a slightly shorter approach, involving the comparatively difficult result [18, Theorem D] in order to exhibit more of the geometric nature of our situation. In particular, it should be clear that Case A would be greatly simplified if we had started with a group 2-transitive on A.
Case B. All involutions are Baer involutions. By (3.1), each involution in T L
LnA fixes 0 or 2 points, and some involution /3 fixes 0 points, while some other involution fixes 2 points. Here, 0 is an odd permutation of L P\ A. Let II be the subgroup of T L consisting of even permutations on L C\ A, so that iTiinl = 2.
Let 2, x and y be as in (4.5). We may assume that ($ Ç 2 -2^.
LEMMA (5.12). One of the following holds: (i) 2 is dihedral or quasidihedral; or (ii) 2 XV S n, II has two orbits on L C\ A of length |(g + 1)
, and II acts on each of these as a 2-transitive group containing a normal subgroup acting as PSL(2, 2 e ), Sz(2 e ), or PSU(3, 2 e ), 2 e ^ 4, in its usual representation.
Proof. By the preceding remarks, if (i) does not hold, then [13, Hilfsatz 6] implies that 2^ ^ II, II has two orbits onLHi of length \{q + 1), and II acts on each of these orbits as a transitive group in which each involution fixes a single point. By Bender's theorem [5] , either (ii) holds or 2 Pi II is cyclic or generalized quaternion. In the latter case, Klein groups fix no absolute points. /3 acts on SHII and Cs n n(/3) acts on £P$ C\ A. Since a acts as an odd permutation of £P$ C\ A, Csnn(/3) = (a). Thus, (i) again holds in this case.
We now consider (i) and (ii) separately. (i) Recall that O(T) = 1 and that V has no normal subgroup of index 2. T L is a subgroup of V containing a Sylow 2-subgroup 2 and having a normal subgroup H of index 2. Here, |n| is even.
Suppose first that 2 is dihedral. By the Gorenstein-Walter Theorem [11] , r is isomorphic to A 7 or has a normal subgroup T* ~ PSL(2, m), for some odd m, where | T: T*\ is odd. If V ~ A 7 , it is easy to use the property | r L : XT| = 2 to check that iTrTil = 7, 7( J or 7 • 5 • 9, whereas none of these numbers has the form q 2 (q 2 -q + 1). Next, consider the group T* = PSL(2, m). Set II* = nn r*, so that |r* Zj :n*| = 2. By [8, pp. 285-286] , r*^ either centralizes an involution in II* or is isomorphic to S±. Then II* has a non- Clearly, 2 Pi II is a maximal subgroup of the quasidihedral group 2 such that 2 -2 C\ II contains an involution. Consequently, 2 C\ II is a cyclic or generalized quaternion group. In particular, YL X contains no Klein group. Then neither T^ nor T z can contain a Klein group. It follows that T* Z/ has a single class of involutions. This implies that Cr*(a) is transitive on have length t. Thus, t\q + 1 = 2£*, so t = 1 or 2, and m = 3, 5, 7, or 13 is a prime. Since g + l| |Cr*(a)|, it follows that g + 1 = 2m. In each case, g 2 \ |PTL(3, m)\. This is a contradiction.
(ii) This situation is simpler than that of (i). Here, J(g + 1) = 2 ei + 1, with i = 1, 2, or 3, so q = 2 ei~1 + 1 is a square only if q = 9, e = 2, and ; = l.
Suppose that q is not a square. Let a be an involution in Z(2 xy ). By (3.1) and (3.3), 2 xy /(a) acts faithfully on the oval ^a P\ A and each of its involutions induces a homology of SP a . Since X xy /(a) contains a Klein group, this contradicts (2.3).
Thus, q = 9, |2 J2/ | = 4, and |2| =8. Since S is not dihedral (by (i)) and contains a Klein group, 2 is abelian. Since p £ 2 -2^, S is elementary abelian. By We have not been able to eliminate (b). However, Theorem III will be used in the proof of Theorem II only when q is odd. We also do not know whether 8P must be desarguesian when (a) holds. This is quite a difficult question, as is shown by the fact that in [22] , O'Nan implicitly had much more information than this and yet needed to use a very long and ingenious argument in his situation.
Proof of Theorem III. Clearly, n
LPlA is 2-transitive and satisfies the hypotheses of the theorems of Shult [28] and Hering, Kantor, and Seitz [14] . [25] , II is PSL(2, q), SL(2, q), or is a homomorphic image of the covering group of PSL(2, 4) or PSL (2, 9) . In the latter cases, if S is a Sylow 2-subgroup or 3-subgroup of II X , then 2 = II(x) X 2(ini), so a result of Gaschutz [12, p. 246 is sharply 2-transitive of degree q + 1 = p e , with p a prime. There is a unique Sylow ^-subgroup 2 in II, and II = 2T(x). If p is odd, then (ii) holds. Let p = 2. Then II is generated by elements of odd order and, hence, has no normal subgroup of index 2. By [14, Lemma 2.7] , (ii) holds if q + 1 ^ 4, while if q + 1 = 4, then n is PSL(2, 3) or SL (2, 3) . This proves (6.1).
We now treat these possibilities separately. (i) Suppose first that each involution in II is a homology. Let (a, r) be a Klein group, and suppose that a and r have different axes. Since (a, r) fixes L, L must be the axis of c, r, or <TT, which is not the case. Thus, if a and r are commuting involutions then they have the same axis. It follows that q 9 e 5 and all involutions have the same axis Z/. Consequently, II = II (Z/) has order dividing q + 1, which is not the case.
Thus, all involutions in II are Baer involutions, and by (3.2), g = 1 (mod 4). (iv) The case of Sz(q 1/2 ) is handled as in (i) using Suzuki's list of subgroups [29] . We omit the proof as it is straightforward.
Let w £ L -LC\
Note that when U LC]A
« PSU (3, 2 e ) it is still conceivable that II (L H A) 9* 1. It can be shown that II(L Pi A) = U(L) has odd order, and the action of II on L -L C\ A can be completely determined.
Proof of Theorem II. We may assume that q > 2 and that T is generated by the given dations. Since T leaves invariant the set ^A of fixed points and lines of A, while T fixes no point or line of ^, it follows that &A is a subplane. 6 induces a polarity 6 on ^A-However, A fixes no point of A. Thus, 6 has no absolute points, contradicting a theorem of Baer [7, p. 152] .
LEMMA (6.2). T is transitive on
The last assertion follows from (3.6).
LEMMA (6.4). We may assume that q is odd. Then T is flag-transitive on & (6).
Proof. If g is even, the theorem follows from (6.3) and (3.5) . Assume that q is odd. By (6.1) and Theorem III, each nonabsolute line is the axis of an involutory homology. Then (6.4) follows, as in (4.3), from Gleason's lemma.
Theorem II now follows from Theorem I.
We note that most of the difficulties in the proof of Theorem I could have been eliminated if we had only proved Theorem II; the latter theorem is much simpler than the former. Also, an alternative approach, avoiding Theorem III, can be obtained by using the argument of § 5, Case B, keeping in mind that V L is 2-transitive onLHi.
